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Abstract
Within the hadronic language of Chiral Perturbation Theory we present the full
leading-order octet-baryon–meson and decuplet-baryon–meson contribution to the pro-
ton self energy and thus to its wave function renormalization factor Z. By Fock-
expanding the physical proton state into its bare and hadron-cloud part, we show how
each individual baryon-meson probability depend on the average momenta of the par-
ticles in the fluctuation. We present how the results depend on the choice of the form
factor involved in the regularization (Gaussian or Besselian) and how they depend on
the cut-off parameter. We also show how the results vary with respect to a variation of
the decuplet coupling constant hA. The momentum distributions of the fluctuations are
given and the fluctuations’ relative probabilities are presented.
We show that for reasonable values of the cut-off parameter, the Delta-pion fluctuation
is of the same strength as the nucleon-pion fluctuation.
Keywords: Proton self energy, proton wave function renormalization, octet, decuplet, chiral La-
grangian, Rarita-Schwinger spin-3/2 propagator, effective quantum field theory, Fock-expansion
probabilities, instant-form dynamics
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I. INTRODUCTION
Many of the properties which we take for granted from a classical point of
view, such as e.g. the electric charge or even the mass of a microscopic particle
are not that simple when one takes a deeper look. Not long after the foundations
of Quantum Mechanics (QM) were laid, the search for a theory consistently de-
scribing creation of particle-antiparticle pairs was pursued and highly sought for.
This was enhanced by the experimental detection of antiparticles [1]. Apart from
the intermediate years when S-matrix1 methods were perhaps favorable, the main
contestant and candidate was the theory of second quantization or what is now
more commonly called Quantum Field Theory (QFT). The problem now was that
in such a theory the number of degrees of freedom (DOF) were infinite and the
theory often gave unsatisfying results, e.g. an infinite term plus some terms that
seemed to look fine. It took its time but for the QFT of Quantum Electrodynamics
(QED) these infinities were finally understood and dealt with via renormalization
techniques (see e.g. [3] and references therein). These techniques include some
type of renormalization that naturally introduces an energy dependence for the
‘constants’ of the theory, such as the electric charge e (of an electron say) and
effectively replaces them by functions e→ e(Q) where Q is the energy-momentum
transfer in the reaction. Pictorially one could imagine the electron being sur-
rounded by particle-antiparticle pairs effectively screening the bare charge of the
electron [4]. For instance, at energies on the order of the mass of the Z and the W
bosons, the fine structure coupling α ≡ e2/4pi has a value of approximately 1/128
as compared to α ≈ 1/137 at much smaller energy scales. Thus, these fluctuations
and other vacuum polarization effects have impact on what one would call the
electric charge of the electron.
The particle-antiparticle pairs have the quantum numbers of the object that
one studies. They can be understood to be energetically allowed via Heisenberg’s
1 See [2] for a shorter discussion on QFT and the S-matrix.
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uncertainty relation. Other than mass suppression, there is no reason why sim-
ilar effects as the ones described above wouldn’t appear elsewhere. We are here
interested in the case of the proton (or nucleon in general) and the hadronic parts
of its wavefunction. By this we mean to calculate the coefficients αij of its Fock
expansion (see e.g. [5–9] for other/similar applications)
|P 〉 =
√
Z |P 〉bare + αn0pi+ |n0pi+〉+ αPpi0 |Ppi0〉+ α∆++pi− |∆++pi−〉+ · · · (1)
where |P 〉 is the physical proton state and the coefficients on the right hand side
are those for the bare proton (
√
Z), the neutron-pi+ fluctuation (αn0pi+) and so on.
Using the leading-order Lagrangian of Chiral Perturbation Theory (χPT) [10] we
will include all the octet-baryon–meson and decuplet-baryon–meson pairs in the
expansion (1).
We start by introducing the relevant χPT Lagrangian in Section II. Then in
Section III we will write down an expression for the wave function renormalization
constant Z. In the same section we will derive and present an analytic expres-
sion for the momentum distributions of the hadronic fluctuations. We will then
show how the integrated momentum distributions are related to the baryon-meson
probabilities |αBM |2 of Equation (1).
By construction χPT is an effective2 (low energy limit) theory of Quantum
Chromodynamics (QCD) where the DOF are hadrons and not quarks and gluons
which are the microscopic DOF of QCD. Perturbative Quantum Chromodynam-
ics (pQCD) breaks down at energy-momentum transfers Q . 1 GeV where the
appropriate description instead is the hadron language. Vice versa one should
not apply χPT to problems involving energy scales as large as Q ≈ 1 GeV where
the constituents of the hadrons (quarks and gluons) become the relevant DOF.
We take this into account in our calculations by introducing a cut-off via a form
2 We refer the reader to [11–15] and the references therein for various different examples of
effective theories.
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factor which we discuss in Section IV. In Section V we present our results and we
conclude in Section VI.
II. THE LAGRANGIAN
For the case at hand, the Rarita-Schwinger Lagrangian is sufficient to describe
the propagation of massive spin-3/2 particles. For a decuplet-hadron of mass mD,
the Rarita-Schwinger Lagrangian is given by [16]
LRS = ψ¯µΛµνRSψν , (2)
where
ΛµνRS = g
µν(/p−mD)− (γµpν + pµγν) + γµ(/p+mD)γν = i
2
{σµν , (/p−mD)} (3)
with /p = i/∂. To find the propagator of the Rarita-Schwinger field, one solves
ΛRSµρG
ρν
RS = g
ν
µ for G
ρν
RS and obtains
GµνRS = −
/p+mD
p2 −m2D
[
gµν − 1
3
γµγν − 2p
µpν
3m2D
+
pµγν − pνγµ
3mD
]
. (4)
The tensor in square brackets is called the Rarita-Schwinger tensor, it also propa-
gates the spin-1/2 parts of the representation (see e.g. [17]) which can be problem-
atic and unphysical. This is related to the number of DOF of an elementary vector
spinor ψµ. A spin-3/2 state should have 8 DOF while the aforementioned has 16
DOF. With this in mind, the Lagrangian for the free theory is constructed to give
rise to not only the equations of motion but also to constraints that reduce the
number of DOF. However once interactions are introduced other issues which also
have been shown to be related to the number of DOF [18] arise again. We refer
to the introduction of [19] for a longer discussion on this but for our case what
it all boils down to is that as long as one stays within the range of applicability
of the effective (hadron) theory, one should be fine by simply subscribing to the
Pascalutsa prescription [20] (as discussed in the following).
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The Lagrangian describing the interaction of the Goldstone bosons with octet
and decuplet baryons is given by (see [21] and the references therein)
L8+10 = i tr(B¯γµDµB) + D
2
tr(B¯γµγ5{uµ, B}) + F
2
tr(B¯γµγ5[uµ, B])
+
1
2
√
2
hAadegµν
(
T¯ µabcu
ν
bdBce + B¯ecu
ν
dbT
µ
abc
)
.
(5)
As it stands, it induces unphysical contact interactions from the spurious spin-1/2
admixture. To cure this we make the Pascalutsa substitution in the Lagrangian
by letting
T µ → − 1
mR
νµαβγ5γν∂αTβ (6)
where mR = m∆,mΣ∗ denotes the resonance mass. What appears in the coupling
after the substitution is the ratio hA/mR and since the value of hA has some
uncertainty in it (see below) one can in practice use mR = m∆ and check how a
variation in hA affects the results. Note that this substitution induces an explicit
flavor breaking but these effects are beyond leading order. In Equation (5) Bab is
the entry in the ath row, bth column of the matrix representing the octet baryons
B =

1√
2
Σ0 + 1√
6
Λ Σ+ P
Σ− − 1√
2
Σ0 + 1√
6
Λ n
Ξ− Ξ0 − 2√
6
Λ
 . (7)
The Goldstone bosons are contained in
Φ =

pi0 + 1√
3
η
√
2pi+
√
2K+
√
2pi− −pi0 + 1√
3
η
√
2K0
√
2K−
√
2K¯0 − 2√
3
η
 (8)
and uµ is given by
uµ = iu
†(∇µU)u† = u†µ (9)
where
u2 = U = exp(iΦ/Fpi). (10)
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The pion decay constant is denoted by Fpi = 92.4 MeV and the chirally covariant
derivatives are defined by
DµB = ∂µB + [Γµ, B] (11)
and
∇µ = ∂µU − i(vµ + aµ)U + iU(vµ − aµ), (12)
with
Γµ =
1
2
[
u†(∂µ − i(vµ + aµ))u+ u(∂µ − i(vµ − aµ))u†
]
(13)
where vµ, aµ are external sources. In our case, there are no external sources, thus
v = a = 0. Finally, the decuplet is represented by a totally symmetric flavor tensor
T 111 = ∆++, T 112 =
1√
3
∆+, T 122 =
1√
3
∆0, T 222 = ∆−,
T 113 =
1√
3
Σ∗+, T 123 =
1√
6
Σ∗0, T 223 =
1√
3
Σ∗−,
T 133 =
1√
3
Ξ∗0, T 233 =
1√
3
Ξ∗−,
T 333 = Ω.
(14)
For us only the first two rows of Equation (14) are allowed in the interactions
due to conservation of quantum numbers. The coupling hA in Equation (5) can
be determined by matching to experimental data from the partial decay width
∆→ Npi or from Σ∗ → Λpi to be
h∆→NpiA = 2.88,
hΣ
∗→Λpi
A = 2.4.
(15)
In the large-NC limit, one can also relate it to another for us relevant coupling
[22, 23]
hlarge-NCA =
3√
2
gA = 2.67 (16)
where gA = 1.26 = D + F . The couplings D and F which show up in the octet
part of the Lagrangian (5) also satisfy F − D = −0.34 [24]. They may vary
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TABLE I. Coupling constants for the decuplet-baryon–meson and octet-baryon–meson
pairs that couple to an initial state proton. The relative strength of each contribution
is also shown.
Decuplet-baryon–meson
DM ∆++pi− ∆+pi0 ∆0pi+ Σ∗+K0 Σ∗0K+
gDM
hA
2mRFpi
−hA√
6mRFpi
−hA
2
√
3mRFpi
hA
2
√
3mRFpi
−hA
2
√
6mRFpi
|gDM/g∆++pi− |2 1 0.67 0.33 0.33 0.17
Octet-baryon–meson
OM npi+ Ppi0 ΛK+ Σ+K0 Σ0K+ Pη
gOM −D+F√2Fpi −
D+F
2Fpi
D+3F
2
√
3Fpi
−D−F√
2Fpi
−D−F2Fpi D−3F2√3Fpi
|gOM/gnpi+ |2 1 0.5 0.5 0.08 0.04 0.03
TABLE II. The values for the hadron masses [25].
Hadron mass mΣ∗ m∆ mΣ mΛ mN mη mK mpi
Value [MeV] 1382 1232 1189 1115 938 547 493 139
independently ±10%, but they must sum to gA which has been measured very
precisely in e.g. neutron β-decay, pion-nucleon scattering and long-range nucleon-
nucleon scattering. The value for gA obtained from these experiments agree
3 on a
level of 1% [25]. We will here choose to work with the fixed values of D = 0.8 and
F = 0.46 since it turns out that an independent variation does not affect the results
by much, since it is anyway their sum that enters the most probable fluctuations
(see Table I). For the masses of the hadrons we use the values collected in Table
II, where we have neglected any mass-differences within each isospin multiplet.
3 The disagreement comes from electromagnetic effects and quark-mass differences.
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Making the Pascalutsa substitution (6) in the Lagrangian (5) and writing out
the explicit terms that couple to an initial and final state proton P , one obtains
for the decuplet part of the Lagrangian
LPDM = hAε
ρµαβ
2mRFpi
[√
1
3
(∂αΣ¯
∗+
β )γ5γρ(∂µK¯
0)−
√
1
6
(∂αΣ¯
∗0
β )γ5γρ(∂µK
−)
+ (∂α∆¯
++
β )γ5γρ(∂µpi
+)−
√
2
3
(∂α∆¯
+
β )γ5γρ(∂µpi
0)−
√
1
3
(∂α∆¯
0
β)γ5γρ(∂µpi
−)
]
P +hc.
(17)
Doing the same for the octet part of the Lagrangian
LPOM =
[
− D + F√
2Fpi
n¯γµγ5(∂µpi
−)− D + F
2Fpi
P¯ γµγ5(∂µpi
0) +
D − 3F
2
√
3Fpi
P¯ γµγ5(∂µη)
− D − F
2Fpi
Σ¯0γµγ5(∂µK
−)− D − F√
2Fpi
Σ¯+γµγ5(∂µK¯
0)
+
D + 3F
2
√
3Fpi
Λ¯γµγ5(∂µK
−)
]
P + hc.
(18)
we identify all the relevant couplings, which we have collected in Table I. We have
also written the strength of each contribution relative to the largest coupling within
each multiplet. These numbers are the respective strengths of each fluctuation
probability that contributes to the total fluctuation probability 1 − Z, a subject
which we now will devote our attention to.
III. THE WAVE FUNCTION RENORMALIZATION
Let |Ω〉 denote the ground state of the interacting theory. Then the two-point
function of Dirac fields has the following structure [4]∫
d4x eip·x 〈Ω|Tψ(x)ψ¯(0)|Ω〉 =
∑
s
iZus(p)u¯s(p)
p2 −m2 + i + · · ·
=
iZ(/p+m)
p2 −m2 + i + · · ·
(19)
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where the dots stands for contribution from the multiparticle branch cut. The
rescaling constant Z is the probability for the quantum field to create or annihilate
an exact one-particle eigenstate of the hamiltonian
〈Ω|ψ(0)|p, s〉 =
√
Zus(p). (20)
The free-field part of the Lagrangian (5) yields the lowest-order Feynman prop-
agator of the nucleon
iSF (p) =
i
/p− ◦mN + i
, (21)
where
◦
mN denotes the bare mass of the nucleon. The Feynman propagator (21) is
modified by the self energy Σ(p) resulting in the full unrenormalized propagator
iSF (p)→ i
/p− ◦mN + i
+
i
/p− ◦mN + i
[−iΣ(p)] i
/p− ◦mN + i
+ · · · = iS(p). (22)
Thus, summing the geometric series we can write
iS(p) =
i
/p− ◦mN − Σ(p) + i
. (23)
We can write down the most general expression for the self energy (without any
external sources) as the sum of a scalar and a vector part
Σ(p) = Σs(p
2) + /pF (p
2), (24)
where the two Lorentz invariant functions Σs(p
2) and F (p2) can be projected out
by
F (p2)
∣∣∣
p2=m2N
=
1
4p2
tr(/pΣ)
∣∣∣∣∣
p2=m2N
Σs(p
2) =
1
4
tr(Σ)
∣∣∣∣∣
p2=m2N
.
(25)
Using the pole mass definition
mN − ◦mN −mNF (m2N)− Σs(m2N) = 0 (26)
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and the definition of the renormalized propagator
S(p) = ZSR(p) (27)
having a pole of residue = 1 at /p = mN , one obtains [10]
S(p) =
1
/p− ◦mN − Σs(p2)− /pF (p2)
=
[
/p− ◦mN −
(
Σs(m
2
N) + (p
2 −m2N)
d
dp2
Σs(p
2)
∣∣∣
p2=m2N
+ · · ·
)
− /p
(
F (m2N) + (p
2 −m2N)
d
dp2
F (p2)
∣∣∣
p2=m2N
+ · · ·
)]−1
=
1
(/p−mN)
[
1− F (m2N)− 2m2N ddp2F (p2)
∣∣∣
p2=m2N
− 2mN ddp2 Σs(p2)
∣∣∣
p2=m2N
] ,
(28)
where the last line applies in the /p→ mN limit. Thus we identify
Z−1 = 1− F (m2N)− 2m2N
d
dp2
F (p2)
∣∣∣
p2=m2N
− 2mN d
dp2
Σs(p
2)
∣∣∣
p2=m2N
. (29)
Modulo projections and traces, the Lorentz invariant functions F (p2) and Σs(p
2)
are given by (the sum of) self-energy diagrams such as the one in Figure 1.
Generalizing to include all the octet-baryon–meson (OM) and decuplet-baryon–
meson (DM) fluctuations we write
Z−1 = 1−
∑
i={OM},{DM}
X i = 1−X, (30)
where we have defined ∑
i={OM},{DM}
X i ≡ X, (31)
where the index i runs over all the OM and DM pairs that contributes to the
loop. They are collected in Table I. For a given baryon-meson pair i, X i is given
by
X i ≡ F i(m2N) + 2m2N
d
dp2
F i(p2)
∣∣∣
p2=m2N
+ 2mN
d
dp2
Σis(p
2)
∣∣∣
p2=m2N
= F i(m2N) +mN
d
dp0
F i(p20)
∣∣∣
p0=mN
+
d
dp0
Σis(p
2
0)
∣∣∣
p0=mN
,
(32)
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P (p) B(p− k)
M(k)
P (p)φ φ
FIG. 1. The Feynman diagram for the baryon-meson contribution to the proton self-
energy where the baryon belongs to the octet or the decuplet. The blob denoted by φ
represents the form factor.
where the second line is written in the rest frame of the proton where p = 0. We
will now derive the explicit expressions for the functions F i and Σis.
For the sake of clarity we split up the calculation in two parts, first we deal
with the case where an octet-baryon and a meson is in the loop. After this we deal
with the DM contribution.
The value of the self energy diagram of Figure 1 is given by
−iΣ(p) =
∑
i
[−iΣi(p)] = ∑
OM
[−iΣOM(p)]+∑
DM
[−iΣDM(p)] . (33)
Using Equation (24), we can write down each term as
ΣDM(p) = ΣDMs (p
2) + /pF
DM(p2) (34)
and
ΣOM(p) = ΣOMs (p
2) + /pF
OM(p2), (35)
where the scalar and vector parts can be projected out using Equation (25).
Let us consider a generic OM contribution to the self energy of the proton.
The Feynman diagram for this process is shown in Figure 1 with an octet-baryon
(i.e. B = O in the figure) and a meson (M) in the loop. The computation is
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straightforward, using the Lagrangian (18) we find
−iΣOM = −|gOM |2
∫
d¯4k |φ(k,Λ)|2(ikµ)γµγ5 i
/p− /k −mO + iη
i(−ikµ˜)γµ˜γ5
k2 −m2M + i
= +|gOM |2
∫
d¯4k |φ|2 kµkµ˜γ
µγ5(/p− /k +mO)γµ˜γ5
[k2 −m2M + i][(p− k)2 −m2O + iη]
,
(36)
where d¯ ≡ d/(2pi) and mM is the mass of the meson and mO is the mass of
the octet baryon. The function φ(k,Λ) is a form factor needed to regularize the
divergencies. We will discuss φ in more detail in Section IV. Before that let us use
(25) to project out ΣOMs (p
2) and FOM(p2). We obtain
ΣOMs (p
2) = −i|gOM |2mO
∫
d¯4k|φ|2 k
2
k2 −m2M + i
1
(k − p)2 −m2O + iη
(37)
and
FOM(p2) = −i |gOM |
2
p2
∫
d¯4k|φ|2 k
2(k · p+ p2)− 2(k · p)2
[k2 −m2M + i][(k − p)2 −m2O + iη]
. (38)
The calculation for the DM contributions to the self-energy loop is similar.
Using the Lagrangian (17) we find
−iΣDM = −|gDM |2
∫
d¯4k|φ|2ερµαβi(pα − kα)γ5γρikµiGRSββ˜ (p− k)
i
k2 −m2M + i
ερ˜µ˜α˜β˜[−i(pα˜ − kα˜)]γ5γρ˜(−ikµ˜)
= +|gDM |2
∫
d¯4k|φ|2ερµαβερ˜µ˜α˜β˜(pα − kα)(pα˜ − kα˜)kµkµ˜
γ5γρG
RS
ββ˜
γ5γρ˜
k2 −m2M + i
,
(39)
where GRS
ββ˜
is the Rarita-Schwinger propagator given in Equation (4). From this
we obtain [using the projections (25)]
ΣDMs (p
2) = −i2|gDM |
2mD
3
∫
d¯4k|φ|2 k
2p2 − (k · p)2
[k2 −m2M + i][(k − p)2 −m2D + iη]
(40)
and
FDM(p2) = −i2|gDM |
2
3p2
∫
d¯4k|φ|2 (k · p− p
2)((k · p)2 − k2p2)
[k2 −m2M + i][(k − p)2 −m2D + iη]
(41)
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×
p0 + EB − iη
×
EM − i
×
p0 − EB + iη
×
−EM + i
R−R
Γ∞
k0-plane
FIG. 2. The poles of the functions FBM (p20) and Σ
BM
s (p
2
0) and the contour of integration
in the complex k0-plane.
where mD is the mass of the decuplet baryon. These expressions can further be
simplified by adding zero to the numerator so as to cancel one of the propagators,
with the cost of having some extra one-propagator terms. This amounts to the
rewriting k2 = ∆M +m
2
M and k · p = 12∆M − 12∆B + 12 (p2 +m2M −m2B) and using
the fact that any odd term in k integrates to zero, see Appendix A. Here ∆M and
∆B denote the denominators of the meson and baryon propagators respectively.
We will work in the rest frame of the proton, p = 0, and do the k0-integrals
with residue techniques. Thus what we need in the end for Equation (32) are
the derivatives of the functions ΣOMs (p
2
0), F
OM(p20), Σ
DM
s (p
2
0) and F
DM(p20) with
respect to p0 evaluated at p0 = mN .
The poles of the meson and baryon propagators, i.e. the zeros of ∆M and ∆B
respectively, are located at
k20 − E2M + i = 0; [k0 − EM + i][k0 + EM − i] ≈ 0
⇒
k0 = −EM + i, (located in the upper half-plane),k0 = +EM − i, (located in the lower half-plane)
(42)
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and at
(k0 − p0)2 − E2B + iη = 0; [k0 − p0 − EB + iη][k0 − p0 + EB − iη] ≈ 0
⇒
k0 = p0 − EB + iη, (located in the upper half-plane),k0 = p0 + EB − iη, (located in the lower half-plane).
(43)
Here we have defined the meson and baryon energies by EM =
√
k2 +m2M and
EB =
√
k2 +m2B respectively. The poles and the contour of integration are shown
in Figure 2. Then, Equation (37) can be written [recalling d¯ = d/(2pi)]
ΣOMs (p
2) =
|gOM |2mO
(2pi)3
∫
d3k|φ|2
∑
res
[
k20 − k2
[k20 − E2M + i][(k0 − p0)2 − E2O + iη]
; j
]
,
(44)
where we pick up the residues at the poles j, marked blue in Figure 2, located in
the upper half-plane enclosed by the contour Γ = (−R,R) + Γ∞ with R → ∞.
Applying the same technique to (38), (40) and (41) we finally obtain (in the proton
rest frame)
X i(Λ) =
∫ ∞
0
dkk2 |φ (k,Λ)|2
2pi2
|gi|2ξi(k; mB,mM ,mN) (45)
where k denotes the modulus of the 3-momentum: k ≡ ‖k‖ and we have taken φ
to be rotationally invariant i.e. φ(k) = φ(k) and used∫
d¯3k ≡
∫
d3k
(2pi)3
=
∫
k2 dk dΩ
(2pi)3
=
4pi
8pi3
∫ ∞
0
dk k2 =
1
2pi2
∫ ∞
0
dk k2. (46)
For the octet-baryon–meson part, the functions ξi(k) are given by
ξOM =
2mOmNm
2
M(EO + EM)− [2k2(EO + EM) +m2MEO] [(EO + EM)2 +m2N ]
2EOEM [m2N − (EO + EM)2]2
,
(47)
where OM ∈ {npi+, Ppi0,ΛK+,Σ+K0,Σ0K+, Pη}. For the decuplet contribution,
the functions ξi(k) are given by
ξDM = mNk
2 −2mD(ED + EM)3 − 3EDmN(ED + EM)2 + EDm3N
3EDEM [m2N − (ED + EM)2]2
(48)
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with DM ∈ {∆++pi−,∆+pi0,∆0pi+,Σ∗+K0,Σ∗0K+}. It should be clear that ξOM
and ξDM are functions of k and the relevant masses. Some comments on X
i and
its integrand are in order.
Let us recall that Z is the probability to find the bare proton in the physical
proton wave function, cf. Equation (1). Therefore the probability to find all the
fluctuations we have taken into account is given by 1 − Z. Using Equation (30)
and (31) we can separate it into its constituent parts
1− Z = 1− 1
1−X =
−∑iX i
1−X =
−Xnpi+
1−X +
−XPpi0
1−X + · · · , (49)
where the ellipsis include all the other OM and DM pairs listed in Table I. Thus,
each term −X i/(1 − X) gives the probability to find that specific fluctuation in
the wave function of the physical proton.4 Or in other words we have now the
explicit expressions for the coefficients in Equation (1)
|αnpi+ |2 = −X
npi+
1−X , |αPpi0 |
2 =
−XPpi0
1−X , and so on. (50)
Now let us consider the functions ξi(k,mB,mM ,mN) that appear in the inte-
grand of X i. Using their explicit form given by equations (47) and (48), one can
write down their large-k behavior
ξOM → − 1
2k
, (as k →∞) (51)
and
ξDM → −mN(4mD + 3mN)
12k
, (as k →∞). (52)
The difference in dimensionality is due to the fact that the mass dimensions of the
couplings are different, namely [gOM ] = −1 while [gDM ] = −2. The point is that
the large-k behavior 1/k exhibited by both ξOM and ξDM is not sufficient to make
the integrals, X i, convergent. Therefore one needs to regularize the integrals of
Equation (45) and we do this by introducing a form factor which is the topic of
the next section.
4 Notice that from the definition of Z Equation (30) follows that each Xi < 0, which is indeed
the case here as can be checked.
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IV. FORM FACTOR
As with any effective theory the hadronic description of the microscopic world
has a limited range of applicability. This range in momentum space does not have a
sharp boundary, but a good rule of thumb is that momentum transfers larger than
1 GeV are outside of the applicability range. Thus from a physical point of view,
it is natural to cut off the high-momentum part of the hadronic fluctuations. The
effective nature of the theory (the Lagrangians) manifests itself in the divergency
of various quantities. To regularize these we choose to introduce a form factor at
each vertex that smoothly cuts off the momenta involved.
As shown in the previous sections, the k0-integration can be safely done using
residue techniques hence only the d3k-integral needs to be regularized here. One
can then choose to cut off the 3-momentum of one of the hadrons in the fluctuation
as seen in the rest frame of the proton. However, in other applications of the
hadronic language, such as e.g. in convolution models in deep inelastic scattering
(DIS) on the proton, the form factors used must satisfy certain conditions in order
for quark number, momentum and other sum-rules to work out properly. It turns
out [26, 27] that an admissible form factor depending on the combination k21 + k
2
2,
where k21,2 are the squares of the 3-momenta of the particles in the fluctuation, is
sufficient to not ruin any of the sum-rules. A natural choice is then a form factor
depending on the average of the squares of the baryon and meson 3-momentum,
as seen in the rest frame of the proton.
One can choose this form factor in many ways but one simple ansatz is to use a
standard Gaussian. As we will see in the following section using a Gaussian form
factor is natural in the sense that it yields a near one-to-one relation between the
cut-off parameter Λ and the average momentum distribution in the fluctuation,
which makes interpreting the value of Λ more straightforward.
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φ2(k)
k [MeV]
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FIG. 3. The square of each form factor as a function of k and for different values of Λ, λ.
Solid (dashed) curves are φ21 (φ
2
2).
For the case at hand k21 = k
2
2 = k
2 resulting in the form factor
φ1(k,Λ) = exp
[
− k
2
Λ2
]
, (53)
which we will use.
For sake of comparison we will also include a more extreme form factor, namely
one corresponding to a hard boundary in position space, i.e. φ˜2(x) ∝ 1/R3 for
||x|| ≤ R and zero elsewhere simulating a sphere of radius R inside of which the
fluctuating particles are confined.5 Since we are working in momentum space we
Fourier transform φ˜2(x) and find it to be proportional to a Bessel functionφ2 ∝
(k/λ)−3/2J3/2(k/λ) which we normalize such that it yields unity for zero fluctuation
momentum:
φ2(k, λ) = N
sin
(
k
λ
)− ( k
λ
)
cos
(
k
λ
)(
k
λ
)3 , (54)
5 The reason for the form of the definition of φ˜2(x) is because we want its Fourier transform to
be dimensionless.
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with N = 3 and we have taken R = 1/λ. Both of these form factors are shown in
Figure 3 where we have plotted their squares for various values of Λ and λ. We
will comment more on the effects of these form factors in Section V.
V. RESULTS
Having derived the relevant formulas we now present the results. For the
couplings we use the following values D = 0.8, F = 0.46, Fpi = 92.4 MeV and
hA = 2.67± 10%, see Equation (15) and below it for more details and references.
The values for the different hadron masses are tabulated in Table II.
Recall from Equation (50) that the probability to find a specific baryon-meson
pair, BM , in the proton wave function is given by |αBM |2 = −XBM/(1 − X)
where X =
∑
iX
i and the functions X i depend on the cut-off [c.f. Equation (45)].
Thus the probabilities |αBM |2 are also functions of the cut-off. This dependence
is shown in Figure 4a and 4b using the form factors (53) and (54) respectively.
Notice that since we assume perfect isospin symmetry, i.e. m∆++ = m∆+ = m∆0
(c.f. Table II), the ratio between two probabilities from the same isospin multiplet
is a constant and it is given by the ratio of the coupling constants. For instance
|α∆0pi+ |2
|α∆++pi−|2 =
|g∆0pi+|2
|g∆++pi− |2 =
1
3
, (55)
and so on for the other isospin partners. This relation is also seen in the plots in
Figure 4a and 4b. What is non-trivial is e.g. the relation between the probabilities
of ∆pi and Npi. There is no simple estimate of this using just the couplings and/or
mass suppression. These probabilities are interesting from the point of view of
explaining the properties of the proton such as e.g. the d¯-u¯ asymmetry observed
in the quark momentum distribution of the proton sea [28].
It is perhaps more natural to consider the isospin-summed probabilities defined
as the sum of probabilities for the particles belonging to the same isospin multi-
plet. Thus for instance the Ppi0 and the npi+ fluctuation probabilities would be
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FIG. 4. The different fluctuation probabilities |αBM |2 as a function of the cut-off pa-
rameter. In (a) using the form factor φ1(k,Λ) = exp
[−k2/Λ2], in (b) using the form
factor φ2(k, λ) = 3
[
sin
(
k
λ
)− ( kλ) cos ( kλ)] / ( kλ)3.
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considered as the the nucleon-pion (Npi) probability α˜2Npi defined as
α˜2Npi ≡ |αnpi+ |2 + |αPpi0|2 =
−Xnpi+ −XPpi0
1−X . (56)
The same goes for the other isospin partners such as e.g. α˜2∆pi = |α∆++pi−|2 +
|α∆+pi0|2 + |α∆0pi+|2. These isospin-summed probabilities are shown in Figure 5a
and 5b using the form factors φ1 and φ2 respectively. As can be seen from these
figures, the hadron cloud consists mostly of Npi and ∆pi throughout the whole
range of each respective cut-off parameter. What is also shown in the figures just
mentioned is the effect a 10% variation of the decuplet coupling hA has on the
results (the shaded band). We have included this due to the uncertainty in the
value of hA obtained when matched to experimental data [see the discussion above
Equation (15)]. The solid (dashed) curves are those corresponding to using the
larger (smaller) value for hA given by h
max
A = 2.937 (h
min
A = 2.403). As seen a 10%
variation in hA yields a similar variation in the ∆pi probability and a somewhat
smaller change for the Npi one. In particular when using the Gaussian form factor
(cf. Figure 5a). The Npi term is only indirectly affected due to the total fluctuation
probability
1− Z = α˜2∆pi + α˜2Σ∗K + α˜2Npi + α˜2ΛK + α˜2ΣK + α˜2Pη (57)
being bounded from above by 1. This is more easily seen in the larger λ regions of
Figure 5b where α˜2Npi actually decreases due to an increase of the other (decuplet)
‘channels’.
As seen in these figures there are some non-trivial correlations between the
different probabilities. It is therefore interesting to study the ratios of the isospin-
summed probabilities given by
α˜2BM
α˜2B′M ′
(58)
where the mesons M and M ′ need not necessarily be different. The functions
defined by (58) are shown in Figure 6 plotted as a function of Λ using the Gaussian
form factor φ1.
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FIG. 5. The isospin-summed fluctuation probabilities α˜2BM as a function of the cut-off
using φ1 in (a) and φ2 in (b). The bands are due to a variation in hA: The solid (dashed)
curves are for the larger hmaxA = 2.937 (smaller h
min
A = 2.403) value of hA.
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FIG. 6. The ratios of the isospin-summed probabilities as a function of Λ.
The two form factors φ1 and φ2 have indeed different properties, in particular
the latter one being oscillatory in nature. But these oscillations are rather small
in amplitude relative to max(φ2) = 1. Hence they are even smaller for the squared
form factor φ22 that appears in the formulas. This can be seen from Figure 3
where we see that φ22(k)|λ=100 MeV nearly overlaps with φ21(k)|Λ=300 MeV. Similarly
for the higher cut-off values e.g. φ22(k)|λ=300 MeV ≈ φ21(k)|Λ=900 MeV. Thus naively
one would think that the form factors are as good as being equivalent. But recall
that φ2 imposes a sharp cut-off in position space which means a lot of momentum
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‘leakage’ into the region supposedly cut off by φ2(k) in momentum space. In other
words from the point of view of an effective theory, the Besselian form factor φ2(k)
gives too much weight to the higher k-values. To show this we first study the
momentum distribution given by the integrand of Equation (31). That is, we
define χ(k,Λ) ≡∑i χi(k,Λ) by
X =
∫ ∞
0
dk χ(k,Λ), (59)
where
χi(k,Λ) = |gi|2k
2 |φ (k,Λ)|2
2pi2
ξi(k; mB,mM ,mN). (60)
Notice that 1/(1 −X) being a probability it must satisfy 0 ≤ 1/(1 −X) ≤ 1,
which it does, hence this implies that X ≤ 0. Therefore χ(k,Λ) ≤ 0 which can be
seen from an inspection of the explicit forms of Equation (60), (47) and (48).
For the convenience of the reader we have plotted the negative of χ(k). This is
shown in Figure 7a and 7b for various values of the cut-off parameters using the
form factor φ1 and φ2 respectively. The relations between the form factors e.g.
φ22(k)|λ=300 MeV ≈ φ21(k)|Λ=900 MeV is reflected in the peak position in the momen-
tum distributions they yield. For instance in Figure 7a we see that the momentum
distribution peaks at k = 600 MeV for Λ = 900 MeV, while the same holds true
at λ = 300 MeV using the form factor φ2, see Figure 7b.
What really is appealing with the Gaussian form factor though is that it yields
a straightforward interpretation of the cut-off parameter as the average momen-
tum distribution in the fluctuation. This can be seen by considering the average
momentum distribution κ =
√〈k2〉 defined by
κ2(Λ) =
∫∞
0
dk k2χ(k,Λ)∫∞
0
dk χ(k,Λ)
. (61)
In figures 8a and 8b we show κ1(Λ) and κ2(λ) when using the form factor φ1
and φ2 respectively. As can be seen, when using the Gaussian form factor φ1,
the resulting average momentum distribution satisfies κ1(Λ) ≈ Λ, i.e. the slope is
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FIG. 7. The momentum distribution in the fluctuations using the form factor φ1 and φ2
in (a) and (b) respectively, for various values of the cut-off parameter.
near unity. This is not the case when using the Besselian form factor φ2 which
as seen in Figure 8b results in a much steeper slope (notice the different scales on
the vertical axis). This reflects the oscillatory nature of the Besselian form factor
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FIG. 8. The average momentum distribution κ defined in Equation (61) as a function
of the cut-off parameter.
which puts more weight on larger k-values than does the Gaussian. Thus, from an
effective theory point of view, the Gaussian form factor is more attractive.
It is also interesting to study the two dominant fluctuations, Npi and ∆pi, and
their relative strengths. This was already presented in Figure 6 (upper left corner).
However, in Figure 9a and 9b, we show α˜2∆pi/α˜
2
Npi using φ1 and φ2 respectively. We
also include the effect a variation in the decuplet coupling hA has on this ratio.
It is clear that the ∆pi contribution is significant. For Λ = 750 MeV (λ = 250
MeV) it is of equal importance as the Npi term as indicated by the crossbars in
the figure. Obviously depending on the exact value one uses for the coupling hA
the ∆pi term can become significant for even smaller (or larger) cut-off values as
indicated by the band in Figure 9 where the solid (dashed) curve corresponds to
using hmaxA (h
min
A ).
This observation of the magnitude of the ∆pi term has implications for the
interpretation of e.g. the d¯/u¯ asymmetry observed in the proton sea [28]. The Ppi0
fluctuation is symmetric in d¯ and u¯ and cannot contribute to the asymmetry. While
the npi+ fluctuation can and indeed does contribute significantly to the ratio d¯/u¯,
it does so too much to agree with experiment. Within the formalism presented
here and in [26], adding also the ∆pi fluctuation to the cloud can explain the
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FIG. 9. The ratio α˜2∆pi/α˜
2
Npi (a) Using the form factor φ1. (b) Using the form factor
φ2. The bands are due to a variation in hA: The solid (dashed) curves are for the
larger hmaxA = 2.937 (smaller h
min
A = 2.403) value of hA. The crossbars indicate when
α˜2∆pi/α˜
2
Npi = 1 which occurs at (Λ, λ) ≈ (750, 250) MeV.
asymmetry in a natural way and to a quite good degree. The ratio d¯/u¯ is lowered
due to the u¯ in the pi− in the ∆++pi− fluctuation which, as shown in figures 4a and
4b, dominates over the ∆0pi+ which contains d¯.
Another interesting and elusive conundrum from a perturbative QCD point of
view is that of a possible strange-quark asymmetry in the proton sea [29–33]. In our
model, we see that an asymmetry is present courtesy of the strange quarks in the
fluctuations containing strangeness. This can be seen in figures 5a and 5b where
the fluctuations containing strange quarks become non-negligible for reasonable
cut-off values.6 We refer the interested reader to [26] for results concerning these
issues.
Finally we present the total fluctuation probability 1 − Z, given by Equation
(57). This is shown in Figure 10a and 10b using φ1 and φ2 respectively. The band
represents a variation in the decuplet coupling hA. As seen a 10% variation in the
coupling hA results in a 5% variation on the total fluctuation probability. This is
to be contrasted to the results presented above where a 10% variation in hA had
6 Apart from the ΣK term which has a very small coupling to the proton.
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FIG. 10. The total fluctuation probability as a function of the cut-off parameter. (a)
Using the form factor φ1. (b) Using the form factor φ2. The bands are due to a variation
in hA: The solid (dashed) curves are for the larger h
max
A = 2.937 (smaller h
min
A = 2.403)
value of hA.
a 10% effect on the isospin-summed probabilities.
VI. DISCUSSION AND SUMMARY
We have derived explicit expressions for the coefficients of the hadronic fluctua-
tion components of the proton wave function. We have done this using an effective
approach that includes a form factor depending on a cut-off parameter.
We have shown that for a reasonable form factor (a Gaussian) there is a near
one-to-one relation between the cut-off parameter and the average momentum
distribution in the fluctuations. We have shown how the hadronic fluctuation
probabilities depend on the cut-off and we have shown their correlations. In par-
ticular we have shown that the two most probable fluctuations Npi and ∆pi are of
equal order for reasonable values of the cut-off parameter.
The plot of the total fluctuation probability shown in Figure 10, tells us that
at realistic cut-off values, there is more than a 50% probability that the proton
is in a baryon-meson state rather than in a bare proton state. Therefore when
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the physical proton is probed, it is not unlikely that what one reads out in the
end are not solely properties of the bare proton. This might lead to intriguing
results. Indeed, there are plenty of experimental data (and theoretical models)
that dismisses a simple Quark Model type static picture of the nucleon. These
include the sea content of the proton [26–31] and its spin structure [34, 35]. We
refer the interested reader to [26] and [27] for our new results on these issues.
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Appendix A: There is no contribution from the arc at infinity
When doing the residue calculation in the complex k0-plane, it is important
to ensure that there is no contribution from the arc at infinity Γ∞ (cf. Figure 2).
Therefore, in this section we take a closer look at the integrands of Σis(p
2) and
F i(p2) with respect to k0. We write the equations (37) & (38) and (40) & (41) on
the form
ΣOMs (p
2) = −i|gOM |2mO
∫
d¯4k|φ|2 k
2
∆M∆B
, (A1)
FOM(p2) = −i |gOM |
2
p2
∫
d¯4k|φ|2k
2(k · p+ p2)− 2(k · p)2
∆M∆B
, (A2)
ΣDMs (p
2) = −i2|gDM |
2mD
3
∫
d¯4k|φ|2k
2p2 − (k · p)2
∆M∆B
(A3)
and
FDM(p2) = −i2|gDM |
2
3p2
∫
d¯4k|φ|2 (k · p− p
2)((k · p)2 − k2p2)
∆M∆B
, (A4)
where
∆M ≡ k2 −m2M + i
∆B ≡ (p− k)2 −m2B + iη.
(A5)
The relations (A5) can be used in (A1) - (A4) in the form
k2 = ∆M +m
2
M
k · p = 1
2
(∆M −∆B + µ2),
(A6)
where we have defined µ2 ≡ p2−m2B +m2M , which is independent of k. Then, the
integrands can be written as
ΣOMs :
k2
∆M∆B
=
m2M
∆M∆B
+
1
∆B
. (A7)
For FOM we get
FOM :
k2(k · p+ p2)− 2(k · p)2
∆M∆B
=
−m4B +m2B (m2M + 2p2) + p2 (m2M − p2)
2∆M∆B
+
p2 −m2B
2∆M
+
p2 +m2B
2∆B
(A8)
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where we have dropped the term k · p/∆M which integrates to zero.
Next we consider ΣDMs (p
2) given in Equation (A3). One can expand the inte-
grand as before
ΣDMs :
k2p2 − (k · p)2
∆M∆B
=
−m4B + 2m2Bm2M + 2m2Bp2 −m4M − p4
2∆M∆B
+
−m2B +m2M + p2
2∆M
+
m2B −m2M + p2
2∆B
− (k · p)
2
∆M∆B
+
µ2k · p
∆M∆B
.
(A9)
But to show that there is no arc contribution, it is easiest to evaluate the original
expression in the initial/final state proton’s rest frame. Since then, one finds the
integrand to be equal to
−k2p20
∆M∆B
, (A10)
which is fine with respect to the k0 integration. The same arguments show that
FDM is also fine with respect to k0 integration.
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